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Expansion formulas are presented for one- and two-center moment integrals between Slater
type s,p-orbitals with integer effective principal quantum numbers of 1 to 5, together with the

procedure.

These formulas are useful in the calculation of a dipole moment and a transition

moment from a charge distribution calculated by LCAO-MO method. A FORTRAN sub-
program containing most of these formulas, which are important in practice, occupies about
7.7K of the core memory of a computer, HITAC 5020.

In application of LCAO-MO calculation to the
interpretation of the electronic absorption spectra
of various molecules, it is useful to compare the
calculated values of the intensity as well as the
transition energy with the observed values. For
this purpose it is necessary to evaluate one-electron
moment integrals between all the possible pairs
of the atomic orbitals (AO’s) taken as bases. Then,
these integrals can also be used to calculate the
dipole moment of the molecule and to test the
accuracy of the calculated charge distribution.
Hence it is convenient to write a computer program
for the continuous calculation of the dipole moment
and the transition moments between any molec-
ular orbitals (MO’s) after solving the secular
equations for molecules containing any kinds of
atoms.

Two-center moment integrals between Slater-
type AO’s (STO’s) with integer effective principal
quantum number (n*) are expressed by formulas
similar to those for overlap integrals with auxiliary
functions, 4, and B, with integer m.*! Some
of these formulas for s,p-AQ’s with small values of
n* (1 and 2) are found,»? but, as far as we know,
no adequate table has been published containing
STO’s with larger values of n*. This paper will
present many of these formulas, together with
the procedure.*?

Procedure

MO’s, ¢'s, are taken as linear combination of AO’s,

*1 In this paper, a principal quantum number,
n, and an effective principal quantum number, n*
(=n—4), are distinguished.

1) J. Miller, J. M. Gerhauser, F. A, Matsen, “Quan-
tum Chemistry Integrals and Tables,” University of
Texas Press, Austin (1959).

1’'s, which are centered on the various atoms in the
molecule:

P = %C?ﬁw (1)

Then the one-electron moment integrals between these
MO’s are decomposed into integrals with AO’s:

Riy = J‘Pi re;dr= %Cpscq.me

TM=IIpTIEdT (2)

i1p and x4 are the AO’s centered on atom P and Q
respectively, and r is the position vector of an electron
relative to an origin fixed in the molecule, When
ro is the position vector of the middle point of P and
Q, and r’ is of an electron relative to this point, r=
ro+1', hence:

Tpg = I Ap (ro+r)yqdr

= I ApToXqdr + I LT Yqdr
=719Spq + Mpq (3)

where § is an overlap integral, and M is a moment
integral relative to the middle point of P and Q. In
the following section, three components of r,i. e, z, x
and y are treated.

Two-center Integrals. Any coordinate systems,
(z,%,%), with an origin on PQ, and parallel to the co-
ordinates fixed in the molecule, are transformed by the
following transformation matrix to a local coordinate
system, (Z,X,Y), with the positive direction of the
axis from P toward Q as is shown in Fig. 1:

2) M. Kotani, A. Amemiya, E. Ishiguro and T.
Kimura, “Table of Molecular Integral,” II, Maruzen,
Tokyo (1963).

*2 For the purpose of convenience some partial
overlapping with the books of Miller et al.,") and Kotani
et al.,® is not avoided.
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Fig. 1. Transformation to local coordinates.
where y; is the direction cosine of £ axis relative to
z axis fixed in a molecule, and so on.

We take STO’s as bases, which consist of appropriate
combinations of z,x,» and a function of r, where z, x
and y are transformed as mentioned above, but r is
not. As for the two-center moment integrals relative
to the local coordinate system, (Z,X.,Y), only those
integrals containing none or even numbers of X and/or
Y respectively have non-zero values in symmetric
property. When only s- and p-AQO’s are treated, the
following nine types are all of the necessary basic two-
center integrals:

(81X18), (S1Z1Pz), (S1X|Px). (P£|ZI|S), (Px|X]S),
(Pz|Z|Pz), (Pz|X|Px), (Px|Z|Px), (Px|X[Pz)*®
Any two-center moment integrals between s5,5-AO0’s
relative to the original coordinate system are linear

combinations of some of the above basic integrals
(Table 1).

DECOMPOSITION OF TWO-CENTER MOMENT
INTEGRALS*

(slils) =»(SIZ]S)

(s|i|pe) = v2(SIRIP2) + (1—pf)(S|X|Px)

(peli] s) = y2(P2|RIS) + (1—»)(Px|X]S)

(s|i|ts) = rys{(SIK|Pz) — (S|X|Px)}

(psli] s) = rys{(P2IR]S) — (Px|X18)}

(el i]p1) = iy (P2|KIPZ) + (1—p®) {(Pz]| X |Px)
+ (Px|Z|Px) + (Px|X|P2)}]

(Bl jlpg) = 1l(1 =) (Pz|X|Px) + »{(P2|Z|Pz)
— (Px|Z|Px) — (Px|X|P2)}]

(pel | pe) = yil(1—p®) (Px|Z|Px) + y{(P2|Z|Pz)
— (Pg|X|Px) — (Px|X|P2)})

(pel i1p1) = ysl(1 =) (Px|X|Pz) + 1r{(Pz|X|Pz)
— (Pz|X|Px) — (Px|Z|Px)}]

(pelj ) = yeysve{(P2|Z|P2z) — (Pz|X|Px)
— (Px|Z|Px) — (Px|X|Pz)}

* Each of 4, j and k denotes either z, x or y.

TaeLe 1.

*3  Integrals with ¥ are equivalent to those with X.
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el 7 < ¢
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Fig. 2. Local coordinate system.*

* It should be noted that £p, £, and Zg axes have the
same direction.

The actual calculations are performed after the
transformation of the local coordinates to the spheroidal
coordinate system, (£,7,¢). By the use of the latter,
each of the basic integrals is expanded into a formula
with A, and By, as overlap integrals in Ref. 3. Our
choice of coordinates (Fig. 2) will result in the folloinwg
equations:

rp=R(E+7)[2, rq=R(E—)/2
Zp=R(En+1)[2, Zq=REN—1)[2, o= Ri7f2,
Xp=Xq= Xy = R{(§*—1)(1—7)}/* cos g2,
Yp=Yq= Y= R{(E-1)(1—7")}sing2  (5)

where R is the interatomic distance, and:
An(a) = [~ ¢m ot d
1

Bum(b) = j‘l 7™ e dy

a = R(up+mg)|2Ra = (ap-+aq)/2
b = R(up—pq)|2Ra = (ap—aq)/2
a = Ry|Re (6)

where Ry is the Bohr radius and u denotes the exponent
of STO. The parameter a and b correspond to p and
pt respectively in Ref. 3. When both AO’s have integer
n*, m is also an integer, and these expansion formulas
are easily obtained with a computer, given the number
of each variable as input data. In this work the program
was tested by obtaining the corresponding formulas of
overlap integrals, in agreement with those in Ref. 3,
except the difference in the direction of g axis.**

One-center Integrals. One-center moment inte-
grals may be calculated directly in a spherical coordinate
system, and only those of the type, (s|i|p:) or (pii|s)
have non-zero values for s,$-AO’s, where i denotes
either of z,x or y.

Results and Discussion

In Table 2, all expansion formulas of basic two-
center moment integrals between s,p-AO’s with
integer n*, 1<<n,* <n,*< 5, for b= 0, are presented.
Formulas for 5=0 are derived from the correspond-
ing formulas for 5%0, by noting that B, (0)=
2/(m+1) for m even, and B,,(0)=0 for m odd. In
practice only those for n;*=n,* are important,

3) R. S. Mulliken, C. A. Rieke, D. Orloff and
H. Orloff, J. Chem. Phys., 17, 1248 (1949).

4) A. Lofthus, Mol. Phys., 5, 105 (1962).

*¢ In Ref. 3, all formulas for S(n, pa, nypa), n,=n,,
should have the opposite sign to those presented there.
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TABLE 2. BASIC TWO-CENTER MOMENT INTEGRALS FOR b==0

mt=n¥= 1 ¢ = (a0 RIS
(S |Z]S8): 4B, — A,B,
m*=1, n*=2; ¢ = (a,°a,")"/* R[16
(SIS ) (1/3)1/*(A,B,—A3By— AsBy+ A, B,)
(S |Z|Pz): ABy — A3B, — A8, + A\B,
(S |X|Px): (1/2) {A(Bo—By) + Ax(By—B,) + Ao(B:—By)}
m*= 1, n,* = 3; ¢ = (a,%a,"/30)/% R/16
(S 1K1 8 ): (13)2(A4By—24,B;+24,B,— A, Bg)
(S |Z|Pz): AsBy — Ay(Bs+B,) + Ay(By—B,) + Ay(Bs+Bs) — 4,8,
(8 [X|Px): (1/2) {A5(Bo—By) + Ay(By—B,) + Ag(By—By) + Ap(By—B;) + A4,(By—By) + Ao(Bs—By)}
m*= 1, n,*=4; ¢ = (a,°a,°/105)*/* R[64
(S1Z18): (1/3)42(AgBy — 34;B; + 24,B; + 24,8, — 34,B; + A,By)
(S |Z|Pz): AgBy — A5(2B3+By) + 24,8, + 24,8 — Ay(B+2B,) + 4,8
(8 [X[Px): (1/2) {Ag(Bo—By) + 245(By—B,) + Ay(By—By) + 244(B,—Bg) + Ay(Bg—B;) + 24,(B;—By)
+ An(Bd“Bc)}
m¥*= 1, ny*=5; ¢ = (a,°a,'*[42)'/* R{960
( § !Z| § }: (”3)1‘#2(-"731 - 4'A¢Bs + 5AbBa - 544335 + 4AsBs - AIBT)
(8 |K|Pz): A;By — Ag(3B3+B,) + Ay(2B,+3B,) + 244(Bs—By) — A3(3B4+2B,) + A,(B;+38;)
— 4,B,
(S |X|Px): (1/2){A;(Bo—B,) + 34¢(B;—B,) + A5(3B,—2B,—By) + A4,(3B,—B;—2B;)
+ A3(3Bg—By—2B,) + Ay(3Bs—B,—2B;) + 34,(B,—B;) + Ay(B;—B;)}
m¥*=n*=2; ¢ = (a,°a,%)"/* R[32
(SIS ): (1/3)(4:B,—24;B,+ A, By)
(S |Z|Pz): (13)/*{ABy+ Ay(By—By) — Ay(By+B,) + Ay(By—By) + 4,By}
(S lXIPI): (”12)”’{-‘!5(30‘_32) + Aq(Bl“Bs) + AS(BG_BG) + A‘B(BB_-BI) + Al(Bs_'Bl] + Ao(Ba“Bn)}
(Pz|Z| 8 ): (1/3)Y2{A4B; + Ay(By—B;) — Ag(By+By) + As(Bs—B;) + 4,8y}
(Px|X| 8§ ): (1/12)}/2{A45(By—B,) + Ay(By—B,) + Ay(By—By) + Ay(By—Bs) + A,(B,—B,) + Ay(Bs—By)}
(Pz|Z|Pz): AgBs — A3(By+By) + 4,8
(leXI Px)= (”2) {Aa(Bl‘Bs) + Aa(Bo_Bs) + AS(BI_BIJ + As(Ba—‘Bn) + AL(BS—'Bn) + An(Bs"‘Ba)}
(PzIZ |PX): (1/2) {As(Bl‘_Bs) + A3(By—By) + AI(B!'_BIS)}
(Px|X|Pz): (1)2){Ag(By—Bs) + Ay(Be—By) + As(Bs—By) + Ax(Bo—B,) + 4y(Bs—By) + Ag(By—By)}
m*= 2, n,*=3 ; ¢ = (a,°a,’/30)%/* R[32
(S8 1218 ): (1/3)(AeBy — AsB; — 24,B; + 24;B; + AyB; — A,By)
(S || Pz): (1/3)4/*(AeBy — AyBy — 24,8, + 2438, + 4,8y — 4,B;)
(8 |X|Px): (1/12)"/*{Ag(By—B,) + Ay(2B,—B,—By) + 42(2By—B,—By) + Ao(Bs—By)}
(Pz|Z|S ): (1)3)Y2{4eB; + Ag(B,—2By) — 24,8, + 24,B5 + A(2B,—B,) — A,Bg}
(Px|X| §): (112)4/2{Ag(Bo—By) + 245(By—B,) + As(B;—Bo) + 24,(By—By) + Ayp(Bg—By) + 24,(B;— By)
+ An(Ba‘—Bs)}
(Pz|Z|Pz): AeBs — 4By — Ay(By+Bs) + A3(By+B,) + 438, — 4,8,
(lexipx)i (”2) {AG(BI_BS) + A,(B.—?Bg—i—ﬂn) + A4(35+Bs“‘231) + AJ(BE_BO_BU+BI)
+ Ay(By+By—2B;) + A1(By—2B,+B,) +44(B;—By)}
(Px|Z|Px): (12) {Ag(By—By) + Ag(Bs—By) + Ay(B;—By) + Ay(By—Bs) + Ay(B;—B;) + Ay(Bs—B,)}
(Px|X|Pz): (1)2) {Ag(By—Bs) + As(By—Bo) + Ay(By—Bg) + Ay(By+By—By—Bg) + Ay(By—B,)
+ Ay(Bs—By) + Ao(B;— By)}
m*= 2, n*=4; ¢ = (a,°a,*/105)/* R[128
(S {<’f| § ): (”3)(-’4731 - QAGB! - AuBs + 4‘4134 - AsBs - 2AaBu + AI.B7)
(S |Z|Pz): (1/3)Y2{d,By — Ag(Bs+By) + As(By—2By) + 24,(Bs+By) + A3(By—2B,) — Ay(B;+B;) + A,Bg}
(S |X|Px): (”12)1” {A'?(Bo_Bz) + As(Ba_Bl.) + As(zBa‘—Bs“Bn) + Aa(Bl+BJ“235) + AS(ZBz_Bl_Ba)
+ AI(B?+Ba*2Ba) + Al(Ba_Ba) + An(Ba“B?)}
(Pz|Z| S ): (1/3)4/3{4;B, + Ag(B,—3By) + A5(2B,—3B,) + 24,(Bs+B) + A3(2B,—3Bs) + As(B,—38s)
+ 4,8}
(Px|X| 8 ): (1/12)Y2{4,(By—By) + 344(By—B,) + A5(3B,—2B,—B,) + A4(3B,—B;—25;)
+ Ay(3Bg—B,—2B;) + Ay(3Bs;— B, —2B;) + 34,(By—Bs) + Ao(B;—By)}
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(Pz|Z| Pz):
(Pz|X| Px):

(Px|<| Px):
(Px|X|Pz):

nl*: 2, ”s*_—‘ 5;

(S 1Z[S):
(S8 1X1Pz):

(S |X[Px):
(PzIZ1S ):
(Px|X|S ):
(Pz|Z|Pz):
(Pz|X|Py):
(Px|Z|Px):

(Px|X|Pgz):

Masaru Svzukl, Yoshimasa Nmer and Hitoshi Kamapa [Vol. 42, No. 2

AwBa - 244&34 - A531 + 2A4(Bs +Bc) - ASB‘I - 214284 + AIB5

(1!2) {AT(BI—BS) + A,(2B‘—333+Bo) + 31‘15(83”‘31) + A4(3By— B, —2By)

+ A3(2B,—3B;+B;) + 345(Bg—By) + A43(3B;—2B;—B;) + Ao(By—B,)}

(1/2) {4;(By—B;) + 244(By—B,) + Ay(By—By) + 24,(B;—B,) + Ag(B;—By) + 24,(B,—By)

+ 4,(By—B,)}

(”2) {A'?(Bl._Bs) + ‘48(2‘81_32_‘80} + An(BI“'Ba) + A.(B°+Be—233) + AS(B'I' +Bs_2-31)

+ AS(B.—B‘) + Ai(zBa_Bb__BT) + Au(Bu_Ba)}

¢ = (a,%a,'/42)'/* R[1920

(1/3)(A4gBy — 34,B, + AgBy + 543B, — 54,By — A3B, + 34,B; — 4,B;)

(1/3)1/2{AsBy — A3(2B;+By) + Ag(2B;—B,) + Ay(By+4B;) — Ay(Be+4By) + Ay(Bs—2B;)

+ Ay(By+2B,) — 4,8}

(1/12)1/2{A4(By—By) + 24,(By—B,) + Ag(By—Bo) + As(2B1+2By;—4B;) + A4(Bs—2B,+By)

+ A45(2B,+2B;—4B;) + Ay(By—Bg) + 24,(B;—B;) + Ao(By—By)}

(1/3)/2{AyB, - Ay(By—4By) + Ag(5By—4B,) + 54,8y — 54,8 -+ Ay(4B,—5B;) + Ay(4Bs—By)
— 4,B;}

(1/12)/2 {Ag(By—B,) + 44,(By—By) + Ag(6B,—5B,—By) + 445(B,—Bs) + 54,(Bs—By)

+ 445(By—B;) + Ax(By—6B,+5B,) + 44,(B;—By;) + Ao(By—By)}

A,B, - 3-‘4131 + As(2Ba_Bl) + As(aBs‘Jr‘ch) - Aa(233+33?) + As(Bs—ZB.) + 3‘4935 — 4,8,
(1/2) {As(By—Bs) + As(By—4B,+3B,) + Ag(6B;—4B,—2B;) + 4;(6B;—By—3B,—2B,)

+ 844(B,—B;—B;+B,) + A43(6By—2B,—3B,—By) + A,(6B;—4B,—28;)

+ Ay(Bs—4Bs+3B,) + Ay(B,—B;)}

(1/2) {Ag(B;—B3) + 34,(B;—B,) + Ag(3B;—2B;—B,) + As(3B,—B,—2B,) + A,(3B,—B;—2B,)
+ A4(3By—By—2B,) + 34y(By—B;) + A:(Bs— By)}

(”2) {AB(B:._BS} + A?(SBI"'2Bs‘_Bn) + 2‘40(31‘_35) + Ab(BO+BI'_2Bd}

+ Aa(337+35_33_331) + A3(2Bs_Bc—Bs) + 2A2(Bs"39) +A1(Bs+2Ba—3B4) + AO(BE_BT)}

n*= n*= 3; ¢ = (a,"a,")"/® R/960

(S 1Z18):
(S 1X1P2):
(S |X]|Px):

(PzIR] S ):
(Px|X| S ):

(Pz|Z| Pz):
(Pz|X|Px):

(Px|Z|Px):
(Px|X|Pz):

nl*: 3: "z*= 4;

(SIS ):
(§ |1Z]Pz):
(S§ |X|Px):
(Pz|Z| S ):

(Px|X[S):

(Pz|Z| Pz):
(Pz|X| Px):

(Px|Q| Px):

(Px|X|Pg):

m*= 3, n*=>5;

(S IR]$):

(”3) {A':Bl - SAsBa + SAst - AIBT)
(1/83)2{4;B; + Ag(By—B,) — A(By+2By) + 24,(By—By) + Ay(Bs+2B,) + Ay(B;—B;) — A,Bg}
(1/12)42{A4,(By—By,) + Ae(B,—B,) + 45(2B,—B,—B,) + A,(2B;—B,—B,) + 4,(2B;,—B,—By)
+ 43(2B;—B;—B,;) + Ay(Bg—B,) + Ao(B;—By)}
(1/3)4/2{4:B; + Ao(By—B;) — A5(2Bs+By) + 24,(By—B;) + A3(2B,+By) + Ay(Bs—By) — 4,84}
(”12}1{2 {A?{Bn_Be) + AB(BS_BI) + Au(zBi‘—Bs_Bn) + AQ(BI+BS—285) + Aa(2Bz_Ba_Bs)
+ Ay(By+B;—2B;) + A,(Bg—B,) + Ayo(By—B;)}
A;By — A;(2Bs+B,) + A3(2By+B;) — A,Bg
(1/2) {4,(By—By) + Ay(By—By) + Ag(2By—By;—B,) + Ay(2By— B, —By) + Ay(2B3— By—B;)
+ A4y(2B,—B,—B;) + A4,(B;—B;) + Ao(Bs—B,)}
(1f2) {A1(B1"Bs) + As(QBn“‘Ba-Bl) + AS(QBS—‘BS‘_Bv) + AI(BT_'BIS)]
(1/2) {43(By—Bs) + A4(By—Bo) + A5(2By—By—B,) + A,(By+By—2B,) + A3(2B;— Bs—B;)
+ Ay(By+By—2B,) + A,(B,—By) + Ao(By—By)}
¢ = (a,7a,*/14)/2 R[1920

(”3) (AsBl. - A?Bs - SAHBS + 34‘!531 + 3AaBs - 3—4333 - AzB-,- + AIBE)
(1/3)22 (AsBy — A28y — 34B, + 348y + 34,8y — 34,8y — A;By + A,B;)
(1/12)4/2{Ay(By—B,) + Ag(3B,—2B,—By) + 34,(By—Bs) + A5(By+2B3—3By) + Ag(By—Bs)}
(1/3)1/2{4sB, + Ay(B,—2By) — Ag(By+2By) + Ay(4B;—By) + A4(4B,—By) — Ay(B;+28;)
+ Ax(By—2Bg) + 4,83}
(1“2)”’{113(80_32) + 2A1(Ba_31) + An(B»:"'Bn) + A5(231+2Bs“435} + Aa(Ba“ZBrf‘Bz)
+ A45(2B;+2B;—4B;) + A3(B,—Bg) + 24,(B;—B;) + Ao(By—By)}
AgBy — A:By — Ay(2Bs+By) + A5(2Bs+B,) + Ay(2B3+B;) — Ay(2B,+By) — AuBs + A,Bg
(1/2) {A4(By—Bs) + A;(By—2B,+By) + 244(Bs—B,) + A;(3B,—2B,—B,)
+ Ay(By+3By—3Bs—B;) + A3(2B,—3B,+Bg) + 24,(B,—By) + Ay(2Bs— By—B,) + Ao(B;—B;)}
(”2) {AS(B)._Bs) + A,(B‘—B,) + Al(zBﬁ_BB_BlJ + Ag(Brf-B;“‘zBo) + Al(z'BB"Bb—BT)
+ Ay(Bs+By—2B,) + Ay(B;—B;) + Ay(By—By)}
(1/2) {45(By—By) + A,(By—By) + 244(By—Bs) + Ag(By+2B,—By—2B,) + Ay(By+ By— By —By)
+ Ay(Bs+2Bg— B, —2By) + 245(By—By) + Ay(By—By) + Ay(B;—By)}
¢ = (a,7a,1/35)1/8 R[11520
(1/3)(4yBy — 244By — 24,B; + 64By—6A4,B; + 24,8, + 24,8, — A,B,)



February, 1969] Formulas for One- and Two-center Moment Integrals 327

(S8 [K1Pz): (1/3)'*{AB; — Ag(By+By) + 4;(By—3B,) + 34y(B;+By) + 345(Bs—B,) — 34,4(B;+Bs)
+ 45(3By—By) + Ay(By+B;) — AyBg}
(8 |X|Px): (1/12)42{4s(Bo—B,) + Ag(By—By) + 4,(3B,—2By—B,) + A¢(B,+2By—35;)
+ 3‘45(33'-31) + 3A¢(B'r‘*Bs) + A,(B,,—FQB,—SB,,) + A,(3Bs—237—39) + A;(Bs—Bs)
+ dy(By—B,)}
(Pz|Z| S ): (1/3)}/2{dyBy + Ag(B,—3By) + A3(By—3B,) + Ag(5Bs+B;) + 545(By—Bs) — A4(B;+5B5)
+ A3(3Bs—Bs) + A,(3B,—By) — A,Bg}
(PJIXI § ): (1“2)1"& {An(Bo_Bs) + 3As(33_31) + A?(2BB_B§_BII) + 40(331+2Ba_535)
+ Aa(5Ba"‘4'B¢_Bs) + 4‘!4(31"'4'35_533) + A3(5B,,‘—2Bs—333) + A2(35—2B7 +Bo)
+ 34,(By—B,) + Ao(B,—By)}
(PxIZle)= AsBs - 2AsBa - A?(BB+BI) + As(4~B,+2BB) + As(Ba_Bv) - Aa(4Ba+2Bs} + A3(35+B,)
+ 24,8y — A,B,
(Pz|X|Px): (1/2){Ay(B,—B,) + As(By—3B,+2B,) + A:(By+2B;—3B,) + A4(2B,—4By+3B,—B,)
+ Ay(B;—6B;+3B;+28,) + Ay(By—6B,+3B;+2B;) + Ay(3B;—4B;—By--2B,)
+ Ay(By+2Bs—3B;) + Ay(By—3B,+2B;) + Ay(Bs—B,)}
(Px|X|Px): (1/2) {Ay(By—By) + 244(By—By) + Ay(Bs—By) + Ag(2B,+2B,—4By) + A;(B;—2B5+By)
+ Ay(2By+2Bs—4B,) + Ay(Bs—Bo) + 24,(Bg—Bs) + A,(By—B,)}
(Px|X|Pz): (1/2) {As(By—B;) + As(2By,—By—By) + A;(By—2By+B;) + Ag(By+2B,+B,—4By)
+ 45(By+2By—By—2B,) + Ay(2By+Bs—2B,—B,) + Ay(4B;—B;—2B,—B,)
+ Ay(2By—By—By) + Ay(By+B;—2By) + Ay(Bs—By)}
n*=nk=4; ¢ = (a,°a,%)"'* R/53760
(S IS )z (1/3)(4eB, — 44;B; + 64585 — 44,B; + 4,By)
(8 |1 Pz): (1/3)}2{dBy + Ag(By—B,) — Ay(3B,+By) + 345(By—Bs) -+ 34;(By+Bs) + 34,(B,—By)
— Ay(3Bg+Bg) + Ay(B;—B,) + A4,Bg}
(S |X[Px): (1/12)72{4g(By—By) + As(By—Bs) + A3(3B,—2B,—B,) + Ag(3B;—2B;—B,) + 34;(B,—B,)
+ 344(B;—B,) + A4,(Bs+2Bs—3B,) + Ay(By+2B;—3B;) + A,(Bs—Bs) + Ag(B;—By)}
(Pz|ZI S )z (1/3)2{d4By + Ag(By—By) — A;(3B,+ By) + 34y(B;—B;) + 345(B,+Bs) + 34,(Bs—B;)
— Ay(Bs+3B,) + Ay(By—B;) + A,Bg}
(Px|X| S ) (1/12)42{Ay(By—B,) + As(By—By) + A3(3B,—2B,—B,) + Ag(By+2B;—3B;) + 34;(B,—By)
+ -?'Ad(B?"'Bs} + As(Ba+2Bo_'SB¢) + A!(SBB_ZB?_BD) + AI(BG_' s) + Ao(Bs_B'?)}
(Pz|| Pz): AyB; — 4;(3B;+B,) + 345(B;+B;) — Ay(By+3B;5) + A,B;
(Pz|X| Px): (1/2) {A4(By—Bs) + Ag(Bo—B;) + 4:(3B;—2B;—B,) + Ag(3B,—2B,—By) + 34,(B;—B;)
+ 34,(By—B,) + Ay(By+2B,—3B;) + Ay(Bg+2B,—3B,) + Ay(B;—By) + Ag(By—By)}
(Px|Z|Px): (1/2) {Ay(By—By) + Ay(3Bs—2By—B,) + 345(By—B;) + Ay(By+28,—3B;) + A,(B;—By)}
(Px|X|Pg): (1/2) {Ao(By—B,) + Ag(By—By,) + 4;(3B;—2B;—By) + Ag(By+2B;,—3B,) + 34;(By;—B,)
+ 3*41(85‘”32) + AB(BD+2BT_3'BIS} + AQ(BB,—2B‘-—BS) + A1(37_Be) + Aa(Bs_Bs)
n¥*= 4, ny*= 5; ¢ = (a,°ay"'/10)/* R/161280
(S |Z[S8): (1/3)(410By — AoBy — 4438y + 44,B, + 64,B; — 6458y — 44,8, + 44,8, + AyBy — A,By0)}
(S |Z|Pz): (1/3)4/2(A10By — AeBy — 44By + 44;By + 64,8y — 6458y — 44,B; + 44,8, + 4By, — 4,By)
(S |X|Px): (1/12)4/2{d;o(By—By) + Ag(4By—3B,— B,) + Ag(4By+28B,—6Bs) + A,(4B3+2B;—6B,)
+ Az(q'Bs—‘aBs‘_Bw) + An(Bm—Ba)}
(Pz|Z|S )z (1/3){*/2 430By + Ay(By—2B;) — 244(By+By) + A,(6B;—2B;) + 64,8, — 64,8, + A,(2B,—6B,)
+ 2Aa(Bs+Br) + Azszs_Bm) - Alﬂo}
(PXIXI s }: (1“2)1{2 {Aln(Bn_Bz) + 2-“!9(33_51) + Aa(zga“Ba_Bn) + A7(231+4Bs_635) + 2“!3(32_34)
+ 645(B;—By) + 24,(B—By) + A3(6B;—4B;—2B;) + Ay(Byg+By—2By) +24,(By—B,)
+ Ay(By—Byo)}
(Pz|Z | Pz): AyoBy — AyBy — A4(3B5+B,) + 4A;(3Bs+B,) + 345(By+B;) — 345(By+By) — Ay(By+3B5)
+ Ay(Byy+3B,) + A,B,—4,B,
(Pz|X|Px): (1/2) {A39(By—By) + Ay(Bo—2By+B,) + A3(3By—By—2B,) + A;(5B,—B,—3Bs—B,)
+ Ay(By+5B;—38,—3B;) + 344(By—B,—By+Bg) + Ay(By+58,—3B;,—3B;)
+ Ay(5Bg—3B;—Bg—By) + As(3Bg—B;—2B,) + Ay(Byy—2Bg+Bg) + Ay(By—B;)}
(Px|Z|Px): (1/2) {A1o(By—By) + Ay(By—By) + A3(3B;—2B;—B,) + Ay(B,+2B,—3Bs) + 344(B;—B,)
+ 345(Bs—B,) + Ay(By+2B,—3B;) + Ay(3B;,—2By—By) + Ay(B;—B,) + A;(Byy—By)}
(Px|X|Pz): (1/2) {A1o(Bi—B,) + Ay(By—By,) + 345(Bs—By) + 47(Bo+3B,—B,—3B,)
+ AG(BS+SBE_BBT—BI) + 3As(Bs+Bs"'B¢‘“Bs) + Ai[BG_B'r_SBa'f'SBa)
+ Ay(3By+By—3By—Byo) + 3A4p(B;—B;) + Ay(Bio—By) + Ao(B;—By)}
m¥*=n*=5; ¢ = (a,"a,'')/* R[4838400
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(S 1218 ): (1/3)(AnBy — 545B; + 104,85 — 104;B; + 54,8, — 4,By,)
(S |Z|Pz): (1/3)2{dyyB; + Ayo(By—B1) — Ag(4B,+B,) + 445(By—By) + A4;(4B,+6B;) + 644(B, —B;)
- As(‘l'Bs"'GBo) + 4A4(B7_Ba) + As(‘l'Ba +Bm) + Ae(Bu_Bn) - Ale}
(8 |X|Px): (1/12)Y2{4,,(By—B,) + Ayo(By—B;) + Ag(4B,—3B,—B,) + A4(4B;—3B,—B,)
+ A;(4By+2B,—6Bg) + Ag(4B3+2B;—6B,;) + A5(4Bs+2By—6B,) + Ay(4By+2B,—6B;)
+ Ay(4By—3By—Byy) + Ap(4B;—3B,—Byy) + Ay(Byy—By) + Ag(B1i—B,)}
(PzIZ| S ): (13)Y2{AyBy+Ayo(By—B;) — Ag(4By+By) + 4Ag(B;—B;) + A;(6B5+4By)
+ 6/!0(35_31) - A5(630+4'Ba) + 4”4{30_37) -+ As(310+4Bs) + AQ(B\)'“BU) - Ale}
(Px|X| S ): (1/12)22{Ay,(By—Bs) + A1o(Bs—By) + Ag(4B,—3B,—B,) + Ay(By+3B;—4B;)
+ A,(4By+2B,—6B;) + As(6B,—2Bs—4B;) + Ag(4By+2Bs—6B,) + A (6B;—2B,—4B,)
+ Ay(4Bs—3By—Byo) + Ax(Byy+3By—4B;) + A,(Byg—By) + Ao(By—Bu)}
(Pz|Z| Pz): 4By — Ay(4Bs+B,) + A4;(6B;+4B;) — A5(68;+48,) + A4(Byy+4B;) — 4,8,
(Pz|X|Px): (1/2) {4y (By—Bs) + Ayo(By—B,) + Ag(4Bs—3B;—B,) + Ag(4B,—3B,—By)
+ A,(4By+2Bs—6B;) + Ag(4By+2B,—6B,) + Ay(4By+2B,—6B;) + Ay(4By+28,—6By)
+ A4(4B;—3By—By,) + Ay(4Bs—3By—Byg) + Ay(Bp—By) + Ao(Bye—Bs)}
(P.ﬂZl PX): (”2) {An(BL_Bs) + As(‘l'Bo_'?’Bs“Bi) + A?(‘}Bs‘l‘zBs_GB?) + As(4Bs+2B7_635]

+ As(4'37_339—311) + AI(B}.:I. —B,)}

(Px|X| Pz): (1/2) {Ay(B,—Bs) + Ay(Ba—By) + Ay(4B;—3B;—B,) + Ayg(Bo+3B,—4B,)
+ Ay(4By+2B;—6B,) + Ag(6By—2B,—4By) + Ay(4B,+2B,—6B;) + A,(6B,—2By—4By)
+ A4(4B,—3By— Byy) + Ay(Bio+3Bs—4Bs) + A(Byy—By) +Ao(Bs—Byo)}

TABLE 3. BASIC TWO-CENTER MOMENT INTEGRALS
FOR b=0, AND n ¥ =n,*

m*=n*=2; ¢ = a® R[240
(S |Z|Pz): (1/3)1/*(54;—84,+34,)
(8 |X|Pxy: (1/3)1/2(54;—64,+4,)
(Pz|X|Px): 5A4,—64,+4,
n*= ny*= 3; ¢ = a? R[50400
(8 121Pz): (1/3)/2(354,— 7745 +574,—154;)
(S 1X|Px): (1/3)42(354,—494,+174,—34,)
(Pz|X|Px): 354,—494,+174,—34,
n*= n*=4; ¢ = a® R[8467200
(S 121 Ps): (1/3)1/2(1054,—2944, +3244,— 1704,
+354,)
(S |X|Px): (1/3)42(1054,— 1684, +904,—324,
+54,)
(Pz|X|Px): 1054,—168454-904,—324,+54,
n*= n*=5; ¢ = a* R[8382528000
(8 12| Pz): (1/3)42(11554,,—39274,+ 57424,
—45104;+18554;—3154,)
(S |X|Px): (1/3)42(11554,,—20794,+ 15184,
—8144,+2554,—354,)
(Pz|X|Px): 11554,0—20794,+15184,—8144,
42554,—354,

which are presented in Table 3. In Tables 2 and
3, each formula is to be multiplied by a parameter
¢ which is common to formulas for a same pair
of n,* and ny*. In Table 4, one-center moment
integrals are also collected, where h=pu/Ry.

For n;*>n,*. According to our choice of
coordinates (Fig. 2), the following two rules are
derived as for basic two-center integrals.

i) Those which contain none or even number

TasrLe 4. ONE-CENTER MOMENT INTEGRALS

m* ¥ M(s|i|p) =M(p|i]s)
L2 82k k) (kb

1 3 320 (hy® hy?[30)1/2(hy +hy)®

I 4 960(h® h%[105)12(hy+hy)"

1 5 896 (hy® hy11/42)/2[ (hy +hy)®

2 2 160(Ay® hy®(3)1/2[(hy +hy)®

2 3 640(hy® hy7[10)1/2](hy+hs)

2 4 2240(hy® ho®35)1/2[ (hy +hs)®

2 5 7168(hy® hy11[126)1/2] (hy +hy)®
3 3 896(hy” hy?[3)1/2] (hy+ho)®

3 4 7168(hy he?[42)2 (s +hy)®
3 5 21504 (hy? hg'|105)1/2 (hy +hy)10
4 4 4608 (hy® hy?[3)1/2] (hy+ho)*®

4 5 30720(hy® hy'[30)2/2] (hy -+ hy) ™
5 5 22528 (hy! hyt[3)1/2] (hy +hy)'2

of £ (type 1) do not change the sign through
the exchange of two AQ’s with each other, and
the other (type 2) change the sign.

ii) Bp(b)=B,(—b) for m even, and

=—B,(—b) for m odd.

From the above two rules, the formulas for n;* >ny*
are derived in the following way. When b0,
the sign of a term with B, is changed if m is odd for
type 1, and even for type 2, in the formula with two
exchanged AQ’s. When b=0, signs of all terms
are changed for type 2, and none for type I.
For example:

type 2: (28|Z|18) = (a,® a;®/3)"/*(R[16)(A4B, + 438,
—A,B;—A4,By)

type 1: (2P;|Z|15) = (a,® a;*)**(R[16)(A,B,+ A3,
—A,B,—A,By)

Other Values of n*. Basic two-center integrals
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for larger values of n* are derived from formulas
of the same type for n* — 1 with the rule presented
by Lofthus for overlap integrals.) Integrals for
non-integer n* may be evaluated by interpolation
from the values for appropriate integer n*’s, when
not so high accuracy is needed.

Programming. Basic moment integrals may
be calculated together with corresponding overlap
integrals, since values of all parameters are common
in both cases. A FORTRAN subprogram includ-
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ing all formulas of one- and two-center moment
integrals for 5,p-AO’s with n* of 1 to 4 (for =0,
only those for n*=n,* are included), and an
interpolation technique with a parabola, written
for a HITAC 5020 computer at the computation
center of the University of Tokyo, occupies about
7.7K of the core memory, 65K, while a subprogram
for overlap integrals in the same region of n*
occupies about 5K.




